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Abstract
Elastic scheduling provides a framework under
which the utilizations of recurrent tasks are re-
duced by increasing their periods in response to
system overload. The original elastic scheduling
model was proposed by Buttazzo et al. in 1998
for implicit-deadline tasks on a uniprocessor and
decreases task utilizations to satisfy a schedulable
utilization bound. In 2019, Orr and Baruah ex-
tended the framework to multiprocessor scheduling
of implicit-deadline tasks. In this paper, we pro-
pose, analyze, and evaluate new elastic scheduling

algorithms for several of the scheduling policies con-
sidered in these prior works. In particular, (i) we
evaluate an algorithm that we proposed as a short
note in the Real-Time Systems journal and demon-
strate that it allows for faster admission control
than the algorithm of Buttazzo et al. when applied
to uniprocessor and fluid scheduling. (ii) We also
present faster elastic scheduling algorithms for par-
titioned EDF scheduling. Finally, (iii) we provide
polynomial-time exact elastic scheduling algorithms
for global EDF and global RM.
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1 Introduction9

Elastic real-time scheduling models provide a framework for dynamic task adaptation to guarantee10

schedulability even on an overloaded system. First proposed by Buttazzo et al. [12, 13], elastic11

scheduling allows tasks to decrease (“compress”) their utilizations by increasing invocation periods12

or reducing computational workloads (e.g., with imprecise computations [19] or early termination13

of anytime algorithms [14]). Each task is characterized by a maximum utilization representing the14

service level required for its desired mode of execution given sufficient computational resources.15

Tasks with flexible execution requirements — the so-called “elastic” tasks — are each assigned16

a parameter (its “elasticity”) representing its relative adaptability. On an overloaded system,17
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2:2 Improved Elastic Scheduling Algorithms for Implicit-Deadline Tasks

each elastic task’s utilization is reduced in proportion to its elasticity until the system becomes18

schedulable. Elastic tasks are also characterized by minimum utilizations representing the service19

level necessary to maintain correct or safe execution; each task’s utilization cannot be compressed20

below its minimum value.21

While elastic scheduling models are therefore useful for adjusting a predefined set of tasks for22

execution on a resource-constrained system, the original elastic scheduling model of Buttazzo el al.23

was primarily intended to enable online adaptation in dynamic and open systems, e.g., in response24

to admission of new tasks or changes in available computational resources [12, 13]. Therefore, it is25

important for elastic scheduling algorithms to be efficient (i.e., provide bounded-time complexity26

guarantees) for online execution while preserving quality of service to the extent possible (i.e.,27

tasks should be compressed only as much as needed to maintain schedulability).28

With these two concerns in mind, this paper aims to analyze and improve upon existing29

approaches to elastic scheduling for sets of sequential tasks with implicit deadlines to be30

scheduled on both uniprocessor and multiprocessor systems. Prior algorithms for these types31

of task systems can be broadly classified into two categories. For scheduling algorithms with a32

utilization bound, a quadratic-time algorithm proposed by Buttazzo et al. [12, 13] for uniprocessor33

elastic scheduling finds an exact solution; this same algorithm was applied to multiprocessor fluid34

scheduling by Orr and Baruah [22, 21]. For multiprocessor scheduling algorithms where analysis35

does not simply check total utilization (e.g., partitioned EDF, global EDF, and global RM), Orr36

and Baruah proposed to iteratively increase the “amount” of utilization compression applied to37

the task system. At each level of compression, if the system is determined to be schedulable, the38

algorithm terminates; otherwise, compression is increased. Such algorithms are tunable in their39

precision: a smaller increase in compression at each iteration allows a more precise result, but40

increases the algorithm’s running time.41

1.1 Contributions42

Three key insights can be leveraged to improve these algorithms. First, an exact solution under43

a utilization bound can be obtained in quasilinear time, or in linear time for admission44

control or changes in utilization bound. In a short note published in the Real-Time Systems45

Journal [26], we presented, but did not evaluate, an algorithm to do so. In Section 3, we measure46

its performance in comparison to the original quadratic-time algorithm of Buttazzo et al. and47

discuss its advantages. In Section 4, we extend this algorithm to partitioned EDF scheduling,48

for which some partitioning heuristics afford a schedulable utilization bound. We demonstrate49

that, although pessimistic, compressing to the bound provides substantial speedups over the50

iterative elastic scheduling algorithm from Orr and Baruah in [22, 21]. We argue that this tradeoff51

may be beneficial in online scenarios that require rapid mode switches, e.g., in mixed-criticality52

systems [10].53

Second, for the inexact iterative search algorithms, an amount of compression can be54

found by binary, rather than linear search. Compression is lower-bounded by 0 and upper-55

bounded by the amount that takes all tasks to their minimum utilizations. By binary searching in56

this range, Section 4 demonstrates that we can find a result more quickly than linear search for57

partitioned EDF scheduling.58

The utilization bounds for global EDF [15] and global RM [7] scheduling are not static, but59

instead include among their terms the maximum over the task utilizations, so the bounds change60

as utilizations are compressed. The algorithm of Buttazzo et al. therefore cannot be applied61

directly; instead, in [21], Orr and Baruah apply their iterative search technique. However, we notice62

that by replacing the maximum-utilization task with a proxy task using transformed63

parameters, our improved utilization bound algorithm can be applied. A challenge arises64
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since we don’t know, a priori, which task will require the minimum utilization after compression.65

Nonetheless, we can apply the compression algorithm once for each task chosen as the proxy,66

taking the best consistent result. Sections 5.1 and 5.2 demonstrate this for global EDF and global67

RM scheduling.68

1.2 Extensions to the Prior Work69

This work is an extension of a paper that we presented at the IEEE International Symposium70

on Industrial Embedded Systems (SIES) conference in 2024 [27]. In addition to the results in that71

paper, it includes:72

A more complete background section, with reproductions of the original elastic scheduling73

algorithm from [11] and our improved algorithm originally presented in [26].74

More detailed execution time statistics for the comparison of uniprocessor elastic scheduling75

algorithms; in particular, mean times are plotted.76

Plots, which were omitted from [27] due to page limits, relating the execution times of those77

algorithms to total maximum and minimum utilization of the task set.78

Additional discussion of the implications of faster online adaptation; in particular, we compare79

the amount of utilization compression necessary for schedulability when task execution times80

are inflated to accommodate algorithm overheads.81

Expanded plots for partitioned EDF scheduling, showing comparisons of schedulability, ex-82

ecution time, and amount of compression achieved for each parameter combination used in83

randomly generating the evaluated task sets. In [27], parameters were aggregated in summary84

plots due to the length restriction.85

A more complete description of our elastic compression algorithm for global EDF scheduling.86

An extension of that algorithm to global RM scheduling.87

Experimental evaluations of our global EDF and global RM elastic scheduling algorithms;88

evaluation of even the global EDF algorithm was absent from [27].89

1.3 Organization90

The remainder of this paper is organized as follows. In Section 2, we provide background on91

implicit-deadline elastic scheduling. In Section 3, we evaluate our improved (quasilinear/linear-92

time) algorithm from [26] compared to the original quadratic algorithm [12, 13] in the context of93

uniprocessor and multiprocessor fluid scheduling. In Section 4, we propose and evaluate faster94

approaches to elastic scheduling for partitioned EDF. In Section 5, we propose and evaluate exact95

algorithms for global EDF and global RM. Section 6 concludes the paper and discusses future96

work.97

2 Background98

2.1 Elastic Scheduling with Utilization Bounds99

The elastic model for implicit-deadline tasks [12, 13] characterizes each task τi=(Ci, Umin
i , Umax

i , Ui, Ei)100

by five non-negative parameters:101

Ci: The task’s worst-case execution time.102

Umax
i : The task’s maximum utilization, i.e., its nominal value when executing at the desired103

service level in an uncompressed state.104

Umin
i : Its minimum utilization, i.e., a bound on the amount its service can degrade.105

Ui: The task’s assigned utilization, constrained to Umin
i ≤ Ui ≤ Umax

i (the initial value of this106

parameter needs to be assigned prior to run-time).107

LITES



2:4 Improved Elastic Scheduling Algorithms for Implicit-Deadline Tasks

Ei: An elastic constant, representing “the flexibility of the task to vary its utilization” [12].108

Under the original model proposed by Buttazzo et al. [12, 13], the elastic model was applied109

to uniprocessor scheduling algorithms with utilization bounds, e.g., earliest deadline first (EDF)110

scheduling with its bound of 1, or rate monotonic (RM) scheduling under Liu and Layland’s111

bound [18]. It was since extended by Orr and Baruah [22] to multiprocessor fluid scheduling [1]112

where the utilization bound is equal to the number of processors m.113

Under these models, a task system Γ = {τ1, . . . , τn} has a total uncompressed utilization Umax
sum114

expressed as115

Umax
sum =

n∑
i=1

Umax
i (1)116

and a desired utilization UD representing the utilization bound allowed by the scheduling algorithm117

in use. In the event of system overload, i.e., if Umax
sum > UD, the elastic model assigns a new118

utilization Ui to each task τi according to these three conditions:119

1.
∑

i Ui = UD, i.e., total utilization is set to the schedulable bound.120

2. Any task for which Ei = 0 is considered inelastic; this is equivalent to the case that Umin
i =121

Umax
i .122

3. For all other tasks τi and τj , if Ui > Umin
i and Uj > Umin

j , then Ui and Uj must satisfy the123

relationship2
124 (

Umax
i − Ui

Ei

)
=

(
Umax

j − Uj

Ej

)
(2)125

A task system Γ for which such Ui exist for all tasks is said to be feasible.126

Intuitively, this model represents each task as a spring, with a length corresponding to the127

utilization Ui and an elasticity corresponding to Ei. The total length of the springs, placed128

end-to-end, represents Usum. If this exceeds UD, the schedulable bound, a force is applied to the129

system that compresses each task’s utilization Ui proportionally to its elasticity, subject to the130

constraint3 that the utilization remains no less than the specified minimum Umin
i . This physical131

analogy is illustrated in Figure 1.132

Compression is often realized by adjusting each task’s period Ti according to its new utilization,133

i.e., Ti = Ci/Ui. Some work has also explored tasks for which computational workloads can be134

decreased (Ci = Ti · Ui), e.g., by reducing the quantity of input data to process or by forcing an135

iterative anytime algorithm to terminate early [23, 25, 28].136

2.1.1 An Overview of the Algorithm of Buttazzo et al.137

Let Γ denote a feasible task system with Ei > 0 for all tasks4 τi ∈ Γ, and consider the Ui values138

that satisfy the above conditions. The tasks in Γ may be partitioned into two classes — Γvariable139

(those tasks for which Ui > Umin
i , and which can therefore have their utilizations compressed140

further if necessary) and Γfixed (those for which Ui = Umin
i ; i.e., their utilizations are now fixed).141

It has been shown [12, Eqn. 8] that for each τi ∈ Γvariable, the utilization Ui takes the value142

Ui = Umax
i −

(
Usum − (UD −∆)

Esum

)
× Ei (3)143

2 For tasks τi having Ei = 0, Ui = Umin
i , and therefore the relationship needs not be satisfied.

3 This statement holds true for inelastic tasks, as Ei = 0 implies Umin
i = Umax

i , and therefore the utilization is
not reduced.

4 Tasks τi with Ei = 0 must have Ui ← Umax
i ; we assume this is done in a pre-processing step, with UD updated

to reflect the remaining available utilization.
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𝑈1
max 𝑈2

max 𝑈3
max 𝑈4

max

𝑈1 𝑈2 𝑈3 𝑈4

𝑈𝐷 𝑈max
𝑈

𝑈

𝐸1 𝐸2 𝐸3 𝐸4

𝐸1 𝐸2 𝐸3 𝐸4

𝑈max

Figure 1 The physical spring analogy of the elastic model of Buttazzo et al., reproduced from [11,
Figure 9.27] with modifications to the labels. (a) shows the uncompressed task set, while (b) illustrates
the application of elastic compression to achieve schedulability.

where144

Usum =
∑

τi∈Γvariable

Umax
i (4)145

and146

Esum =
∑

τi∈Γvariable

Ei (5)147

respectively denote the sum of the Umax
i parameters and the Ei parameters of all the tasks in148

Γvariable, and149

∆ =
∑

τi∈Γfixed

Umin
i (6)150

denotes the sum of the Umin
i parameters5 of all the tasks in Γfixed.151

Given a set of elastic tasks Γ, the algorithm of [12, Figure 3] starts out computing Ui values152

for the tasks assuming that they are all in Γvariable — i.e., their Ui values are computed according153

to Equation 3. If any Ui so computed is observed to be smaller than the corresponding Umin
i then154

1 that task is moved from Γvariable to Γfixed; 2 the values of Usum, Esum, and ∆ are updated to155

reflect this transfer; and 3 Ui values are recomputed for all the tasks.156

The process terminates if no computed Ui value is observed to be smaller than the corresponding157

Umin
i . It is easily seen that one such iteration (i.e., computing Ui values for all the tasks) takes158

5 Observe that ∆ equals the amount of utilization that is allocated to the tasks in Γfixed; therefore (UD −∆)
represents the amount available for the tasks in Γvariable, and

(
Usum − (UD −∆)

)
the amount by which the

cumulative utilizations of these tasks must be reduced from their desired maximums. As shown in the RHS of
Equation 3, under elastic scheduling this reduction is shared among the tasks in proportion to their elasticity
parameters: τi’s share is (Ei/Esum).

LITES



2:6 Improved Elastic Scheduling Algorithms for Implicit-Deadline Tasks

O(n) time. Since an iteration is followed by another only if some task is moved from Γvariable to159

Γfixed and there are n tasks, the number of iterations is bounded from above by n. The overall160

running time for the algorithm is therefore O(n2).161

In his hard real-time computing systems textbook, Buttazzo presents a corrected and improved162

version of the algorithm that avoids explicitly maintaining separate lists to track Γvariable and163

Γfixed [11, Figure 9.29]. Nonetheless, the overall running time for the algorithm remains quadratic164

in the number of tasks. For reference, we present a modified version of this procedure in Algorithm 1.165

Notation has been modified to match our own.166

Algorithm 1 Elastic_Compression(Γ, UD) (adopted from [11, Figure 9.29])

1 Umin
sum ←

∑
τi

Ci/T max
i

2 if UD < Umin
sum then return Infeasible

3 forall τi ∈ Γ do Ui ← Ci/T max
i

4 do
5 Ufixed ← 0, Uvariable ← 0, Esum ← 0
6 forall τi ∈ Γ do
7 if (Ei = 0) or (Ti = T max

i ) then
8 Ufixed ← Ufixed + Ui

9 else
10 Esum ← Esum + Ei

11 Uvariable ← Uvariable + Ui

12 end
13 end

14 Ok ← True

15 forall τi ∈ Γ do
16 if Ei > 0 or Ti < T max

i then
17 Ui ← Umax

i − (Uvariable − UD + Ufixed)Ei/Esum
18 Ti ← Ci/Ui

19 if Ti > T max
i then

20 Ti ← T max
i

21 Ok ← False
22 end
23 end
24 end
25 while Ok = False

26 return Feasible

The same algorithm was also repurposed in [12] for admission control — i.e., for determining167

whether a new task seeking to join an already-executing system could be admitted without168

compromising feasibility, and if so, recomputing the utilization values for all tasks.169
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2.1.2 Our Improved Algorithm170

In a short note in the Real-Time Systems journal [26], we presented an algorithm that provides171

better guarantees on running time in terms of computational complexity. We defined an attribute172

ϕi for each elastic task τi:173

ϕi
def=

(
Umax

i − Umin
i

Ei

)
(7)174

We proved in [26, Theorem 1] that in the algorithm of Buttazzo et al. in [12, Figure 3], tasks175

may be “moved” from Γvariable to Γfixed in order of their ϕi parameters. Assuming that the176

tasks are indexed such that ϕi ≤ ϕi+1 for all i, 1 ≤ i < n, one can simply make a single pass177

through all the tasks from τ1 to τn, identifying, and computing Ui values for, all those in Γfixed178

before any in Γvariable. This can all be done in O(n) time with the procedure in [26, Algorithm179

1]; we reproduce it here as Algorithm 2. The cost of sorting the tasks in order to arrange them180

according to non-increasing ϕi parameters is O(n log n), and hence dominates the overall run-time181

complexity. Determining feasibility and computing the Ui parameters can therefore be done in182

O(n log n) +O(n) = O(n log n) time.183

Algorithm 2 Elastic_Implicit_Uniprocessor(Γ, UD) (adopted from [26, Algorithm 1])

Input: A list Γ of elastic tasks sorted in non-decreasing order of their ϕi parameters (see
Equation 7) and a desired utilization UD

Output: Feasibility and the list Γ with computed Ui values

1 Usum ← 0; Esum ← 0; ∆← 0
2 forall τi ∈ Γ do
3 Usum = Usum + Umax

i

4 Esum = Esum + Ei

5 end

6 forall τi ∈ Γ do
7 if

(
Umax

i − Usum−(UD−∆)
Esum

× Ei ≤ Umin
i

)
then

8 ▷ Task τi is no longer compressible — it’s in Γfixed
9 Ui ← Umin

i ▷ Since τi ∈ Γfixed
10 ∆← ∆ + Umin

i ▷ This additional amount of utilization is allocated to
tasks in Γfixed

11 if (∆ > UD) then return Infeasible ▷ Cannot accommodate the minimum
requirements

12 Usum ← Usum − Umax
i ▷ Since τi is removed from Γvariable

13 Esum = Esum − Ei ▷ As above — since τi is removed from Γvariable

14 else
15 ▷ Remaining tasks are all compressible (i.e., in Γvariable)

16 Ui ← Umax
i − Usum−(UD−∆)

Esum
× Ei ▷ As per Equation 3

17 end
18 end
19 return Feasible

Admission control — determining whether it is safe to add a new task and recomputing all the184

Ui parameters if so — requires that the new task be inserted at the appropriate location in the185

LITES
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already sorted list of preëxisting tasks. This can be achieved in O(log n) time by implementing186

the list as a sorted iteratable data structure. Once this is done, the Ui values can be recomputed187

in O(n) time by the same algorithm. Similarly, removing a task from the system and recomputing188

the Ui values also takes O(n) time. Furthermore, if UD changes — e.g., in response to changes189

in available utilization due to dynamic resource reallocation — the sorted list of tasks and their190

parameters do not change, and so the Ui values can be updated in linear time.191

Though we proved better asymptotic time complexity in [26], we did not evaluate the algorithm’s192

performance for realistic task sets. In Section 3, we perform this evaluation and extend the193

algorithm to fluid scheduling.194

2.2 Scheduling Without a Utilization Bound195

In addition to fluid scheduling, in [22], Orr and Baruah also developed elastic models for multi-196

processor partitioned EDF and global EDF scheduling. They later applied elastic scheduling to197

partitioned RM in a journal extension [21]. All of these scheduling policies have feasibility tests198

that are more involved than simply checking total utilization against a bound that is constant in199

the number of tasks. To deal with this, they observed that the degree by which compression is200

applied to a task system can be quantified by the relationship in Equation 2. In doing so, they201

introduce a term λ that is representative of this relationship, and express the utilization Ui of202

each task τi as:203

Ui(λ) def= max
(
Umax

i − λEi, Umin
i

)
(8)204

The value of λ beyond which the utilization Ui of task τi takes its minimum value Umin
i can

therefore be derived as:

Umin
i = Umax

i − λEi → λ =
(

Umax
i − Umin

i

Ei

)
which is equal to the value ϕi in Equation 7. As such, we may hereafter refer to ϕi interchangeably205

as λmax
i . For a complete set of tasks Γ we also denote the maximum compression that may be206

applied to the task system as:207

λmax def= max
τi

(λmax
i ) (9)208

The problem of elastic scheduling under the model of Buttazzo et al. [12, 13] can therefore be209

reduced to the problem of finding the minimum value of λ for which a set of tasks are schedulable.210

For partitioned EDF and RM, global EDF and RM, and algorithm PriD, Orr and Baruah propose211

an approximate search technique that iterates over values of λ in the interval [0, λmax] with some212

“granularity” ϵ. For each value of λ, they assess schedulability, terminating the search once the213

compressed task system is deemed schedulable [22, 21]. In this paper, we explore and propose214

alternatives to this idea for partitioned and global EDF and global RM scheduling.215

2.2.1 Partitioned EDF216

Under partitioned earliest deadline first (EDF) scheduling, each task is assigned to a single217

processor core, though each core may be assigned multiple tasks. On an individual core, jobs are218

prioritized according to their absolute deadlines — in other words, each core schedules its tasks in219

an EDF manner independently of the other cores. The problem of deciding whether a set of tasks220

is schedulable on m cores under partitioned EDF can be stated as follows:221

Given a set Γ of n tasks τi, each having utilization Ui, is there a partition of tasks into
m sets such that the sum of utilizations in any set does not exceed 1?222
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This is equivalent to the bin-packing problem, and is therefore NP-hard in the strong sense.223

Nonetheless, there exist heuristic algorithms to solve bin-packing problems, and Lopez et al. have224

compared several in the context of partitioned EDF scheduling [20]. For each value of λ tested, Orr225

and Baruah employ the first fit, worst fit, and best fit heuristics, with tasks τi considered in order226

of decreasing utilization Ui(λ). If any one heuristic deems feasibility, the algorithm terminates.227

For n tasks on m cores, sorting tasks and partitioning them with each heuristic takes at most228

Θ (n log n + n ·m) time. As this must be performed for each tested value of λ — of which there229

are up to
(⌊

λmax

ϵ

⌋
+ 1

)
— the overall complexity is Θ

(
λmax

ϵ · (n log n + n ·m)
)
.230

2.2.2 Global EDF231

Under global EDF scheduling, if at any instant there are more active jobs than processors, those232

jobs with the earliest absolute deadlines are selected for execution. Goossens et al. showed [15,233

Theorem 5] that a set Γ of preemptive implicit-deadline tasks is schedulable on m identical234

processors with global EDF if:235 ∑
τi∈Γ

Ui ≤ m− (m− 1) ·max
τi∈Γ
{Ui} (10)236

Because the utilization bound includes a term representing the maximum among task utiliza-237

tions, and because that maximum may change (indeed, the task with the maximum utilization238

may change) as utilizations are compressed, the original algorithm of Buttazzo et al. cannot be239

applied directly. Orr and Baruah instead perform a linear search over the space of possible values240

of λ, terminating when Equation 10 holds true [22].241

In Section 5.1, we propose and evaluate a polynomial-time algorithm that finds an exact242

solution, if one exists.243

2.2.3 Global RM244

Under global rate monotonic (RM) scheduling, if at any instant there are more active jobs than245

processors, those jobs of tasks with the shortest periods are selected for execution. Bertogna et246

al. showed [7, Theorem 5] that a set Γ of preemptive implicit-deadline tasks is schedulable on m247

identical processors with global RM if:248

∑
τi∈Γ

Ui ≤
m

2

(
1−max

τi∈Γ
{Ui}

)
+ max

τi∈Γ
{Ui} (11)249

As with global EDF, the utilization bound includes terms with the maximum task utilization,250

which may change as utilizations are compressed. Orr and Baruah again perform a linear search251

with precision ϵ for the smallest λ that guarantees feasibility [21]. In Section 5.2, we present a252

polynomial-time exact algorithm for comparison.253

3 Compressing to a Constant Utilization Bound254

This section considers elastic scheduling applied to scheduling policies with utilization bound tests;255

in particular, we consider earliest deadline first (EDF) and rate monotonic (RM) scheduling on a256

uniprocessor and fluid scheduling on a multiprocessor.257

LITES



2:10 Improved Elastic Scheduling Algorithms for Implicit-Deadline Tasks

3.1 Complexity of the Algorithm of Buttazzo et al.258

As noted in Section 2.1, the original elastic scheduling algorithm [12, 13] has worst-case execution259

time complexity that is quadratic in the number of tasks. Buttazzo et al. note in [12] that this is260

due to the enforcement of constraints on minimum utilization. If tasks are not thus constrained, the261

algorithm can run in linear time. Intuitively, we may consider that some tasks, representing non-262

critical best-effort computation, need not be characterized with minimum utilizations. However,263

we note that without these constraints, the algorithm can assign negative utilizations.264

▶ Example 1. Consider a set Γ of implicit-deadline elastic tasks to be scheduled by EDF on a265

uniprocessor and parameterized as follows.266

Task τi Umax
i Ei

τ1 0.9 1
τ2 0.9 1
τ3 0.2 8

The total uncompressed utilization Umax
sum is 2.0, but the desired utilization is UD = 1.0. Then,

in the absence of a constraint Umin
i , the utilization Ui of each task τi will be assigned according to

Equation 3:

Ui = Umax
i −

(
2.0− 1.0

Esum

)
× Ei = Umax

i −
(

1
10

)
× Ei

Computing for each task, we obtain U1 = U2 = 0.8 and U3 = −0.6. While this set of assignments267

does achieve a total utilization of 1.0, these assignments are not valid: a negative utilization does268

not have semantic meaning.269

Thus, the elastic problem with minimum utilization constraints Umin
i is the only meaningful270

expression of the problem in the context of task scheduling, even if the constraints are set to 0271

just for the purpose of enforcing non-negative utilization assignments. Therefore, the algorithm272

of Buttazo et al. cannot be guaranteed to have better than quadratic time complexity in the273

number of tasks. On the other hand, our procedure in Algorithm 2 is quasilinear in the number of274

tasks, and linear for admission control or changes to the utilization bound. The remainder of this275

section compares the two algorithms empirically using synthetic task sets with randomly-generated276

parameters.277

3.2 Performance Evaluation on a Uniprocessor278

We now compare experimentally the performance of our improved algorithm for elastic scheduling279

of implicit-deadline tasks on a uniprocessor outlined in Algorithm 2 to that of Buttazzo et al. [11,280

Figure 9.29] listed in Algorithm 1.281

3.2.1 Implementation282

Evaluations are performed on a Raspberry Pi 3 Model B+, which has a Broadcom BCM2837B0283

System on Chip (SoC) with a 4-core ARMv8 Cortex-A53 running6 at 700 MHz and 1GB of RAM.284

We used version 6.1.21 of the Linux kernel, compiled for the ARMv7l 32-bit ISA. We implement285

6 The processor supports a CPU clock speed of 1.4 GHz. However, as noted in [9], this frequency cannot be
sustained continuously, and may lead to throttling and instability. To maintain predictability, we boot the
Raspberry Pi with a constant 700 MHz CPU clock speed, set the GPU to 250 MHz, and disable throttling.
Details can be found at https://www.raspberrypi.com/documentation/computers/config_txt.html

https://www.raspberrypi.com/documentation/computers/config_txt.html
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both algorithms in C++ and quantify execution time performance by measuring elapsed processor286

cycles. We read directly from the cycle counter using a custom driver and kernel module that287

enables access to the ARM performance monitoring unit (PMU) from userspace. Algorithms are288

compiled statically using version 10.2.1 of the Gnu Compiler Collection (GCC) at optimization289

level O0; this allows us to avoid undesirable instruction reordering, especially around reads to290

the cycle counter. To avoid interference from other processes, we disable real-time throttling by291

writing −1 to the file /proc/sys/kernel/sched_rt_runtime_us, isolate CPU core 3 from the292

scheduler, and run our algorithms on that core at the highest real-time priority under Linux’s293

SCHED_FIFO scheduling class.294

Each task τi is represented as a data structure (struct) containing single-precision floating-295

point representations of Umax
i , Umin

i , Ui, and Ei. The derived parameter ϕi from Equation 7 is296

also an attribute of the structure. For the following experiments, besides those of Section 3.2.5,297

we are only concerned with the assignment of Ui values; therefore we do not represent the WCET298

Ci or period Ti of any task.299

For the algorithm of Buttazzo et al. (Algorithm 1), since we are considering only utilization300

assignments, and not period updates, we do not implement Line 18. Line 3 is also not implemented,301

as we assign Ui ← Umax
i when task parameters are generated. Line 20 is implemented as Ui ← Umin

i302

instead. Furthermore, all period-related checks (Lines 7, 16, and 19) are converted to the equivalent303

comparison of Ui to Umin
i or Umax

i .304

For our improved algorithm (Algorithm 2), we compare three implementations:305

1. The set of tasks Γ is implemented as an array (std::vector), which is sorted prior to executing306

the algorithm. Inserting or removing tasks takes linear time to move array elements (and, in307

the case of insertion, to find the location to insert to maintain sorted order).308

2. The set of tasks Γ is implemented as a balanced binary tree (std::set), sorted by ϕi.309

Constructing the set takes quasilinear time, but subsequent insertion and removal requires310

only logarithmic time, while enabling sequential iteration over tasks in sorted order.311

3. The set of tasks Γ is implemented as a linked list (std::list), sorted by ϕi. Removing a task312

takes constant time, but adding a task takes linear time to find the location to insert in sorted313

order.314

3.2.2 Generating Task Sets315

We generate sets Γ of tasks τi using the following methodology:316

1. We consider sets of n tasks, generating 10 000 sets for each value of n in 2–50.317

2. Each set of tasks has a total maximum utilization Umax
sum selected at random uniformly from318

(1.0, 2.0] and a total minimum utilization Umin
sum selected at random uniformly from (0.0, 1.0].319

3. We apply the Dirichlet Rescale (DRS) algorithm [16] to distribute the total maximum utilization320

Umax
sum in an unbiased random fashion across the Umax

i values for each individual task. We note321

that, in this context, the result should be equivalent to an application of the earlier UUniFast322

and UUniSort techniques [8].323

4. We then apply the DRS algorithm to distribute the total minimum utilization Umin
sum across324

the individual Umin
i values. DRS allows us to select these values uniformly from the space of325

selections satisfying the conditions that (i) the total
∑

i Umin
i equals the specified Umin

sum and326

(ii) each value Umin
i does not exceed the corresponding Umax

i .327

5. Each task τi is assigned an elasticity Ei at random, selected uniformly from the range (0, 1].328

LITES
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3.2.3 Execution Time of Utilization Compression for Schedulability329

We execute our implementations of Algorithms 1 and 2 to compress each set of tasks to a total330

utilization of 1.0 (to be EDF-schedulable on a single processor). We measure execution time by331

reading directly from the cycle counter, reporting elapsed CPU cycles. We separately measure the332

initialization (“Init”) and compression (“Compress”) times for each algorithm. For the original333

procedure in Algorithm 1, initialization involves computing the Umin
sum value and checking whether334

it exceeds UD, while compression is the do . . . while loop in the algorithm. For our improved335

algorithm in Algorithm 2, compression is the forall loop that iterates over tasks in order of their336

ϕi parameters. The dominant contribution to the algorithm’s execution time complexity is the337

sorting of tasks by their ϕi values; we therefore include in initialization time both the computation338

of Usum and Esum as well as the total time to calculate each task’s ϕi value and establish the339

sorted order. For the array and list, the sort is performed over the complete data structure; for340

the binary tree, we insert tasks individually as their ϕi values are calculated.341

The mean, median, and maximum times for the 10 000 sets of tasks generated for each size n342

from 2–50 are reported in Figure 2. As expected, the time to initialize the algorithm of Buttazzo343

et al. is much faster than our improved algorithm, which has to sort tasks by their ϕi values. Of344

the three implementations of our algorithm, the linked list was the slowest to initialize, while the345

array was the fastest; we assume that this was due to the data locality and simplicity of managing346

the data structure.347

Also, as expected, the compression time for the algorithm of Buttazzo et al. was much longer348

than for our algorithm. On average, the array tended to be the fastest, followed by the linked list,349

followed by the binary tree.7 This makes sense; while all three data structures enable linear time350

traversal, the array is the simplest to iterate (in fixed-size strides) and has the best data locality;351

the linked list is still simple, but requires following pointers between nodes, and does not have as352

good locality; and the binary tree requires even more complex pointer chasing.353

Most interesting, we observe that our algorithm does not strictly dominate the original354

algorithm of Buttazzo et al. in total running time. In fact, in the average case, the original355

algorithm performs better because of the low initialization overhead. In the worst case, both the356

original algorithm and the array-based implementation of our algorithm dominate the other two357

implementations, but neither clearly dominates the other. This is partially explained by the fact358

that the compression times for the algorithm of Buttazzo et al. grow roughly linearly with the359

number of tasks, rather than quadratically, for sets of up to 50 tasks. Under non-pathological360

cases, the outer loop (Line 6 of Algorithm 2) of the original algorithm only runs a handful of361

times.362

Nonetheless, we argue that our algorithm is better in practice. While there is not a clear363

advantage to using our algorithm to perform compression over a complete set of tasks, there is364

no clear disadvantage either. Furthermore, our algorithm performs better in situations where365

initialization has already happened, e.g. for online adjustment in response to changes in available366

utilization. In this case, when only compression needs to occur, associated overheads are summar-367

ized in Table 1. The worst execution times that we observed for the array-based implementation368

of our algorithm were 3.45× faster than those of the algorithm of Buttazzo et al. when just369

compressing tasks. Moreover, as we will demonstrate, there is a clear advantage to using our370

algorithm during online admission of a new task.371

7 We do not observe a significant difference in the trends of worst-case compression times versus number of
tasks among the three implementations.
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Figure 2 Performance scaling with number of tasks.

3.2.4 Execution Time of Task Admission372

We modify our implementations of Algorithms 1 and 2 to measure admission of a single task. For373

the sets of n tasks of size 2–50 that we already generated, we apply each algorithm to the first374

n− 1 tasks. We then measure the time to compress them after adding the final task from the set.375

For the algorithm of Buttazzo et al., this requires rerunning the complete do . . . while loop. For376

our algorithm, this requires 1 computing the value ϕi of the new task τi according to Equation 7,377

then 2 adding its utilization and elasticity to Usum (Equation 4) and Esum (Equation 5) or ∆378

(Equation 6), as appropriate. The task is then 3 inserted into the sorted container, before finally379

4 executing the forall loop in Algorithm 2.380

Results are illustrated in Figure 3. We observe that, when admitting a new task, all imple-381

mentations of our improved algorithm dominate the original algorithm of Buttazzo et al. for more382

than 3 tasks in the average case, and more than 10 tasks in the worst case. The array (which383

enables logarithmic time search for the location to insert the new task, then requires linear time to384

perform the insertion) performs the best on average, followed by the balanced binary tree (which385

allows logarithmic-time insertion, but requires pointer chasing), then the linked list (which allows386

constant-time insertion after linear time search for the insert location). Overheads and speedups387

are summarized in Table 2. The array-based implementation of our algorithm admits tasks 2.53×388
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Buttazzo Binary Tree Linked List Array
mean 51 380 11 157 (4.61×) 9 617 (5.34×) 8 616 (5.96×)
median 54 315 11 175 (4.86×) 9 629 (5.64×) 8 626 (6.30×)
maximum 97 342 36 231 (2.69×) 31 984 (3.04×) 28 202 (3.45×)

Table 1 Greatest mean, median, and maximum compression times (cycles) observed for up to 50
tasks. Values in parentheses indicate speedup compared to the algorithm of Buttazzo et al.
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Figure 3 Execution time for admitting the nth task.

faster than original algorithm in the worst case.389

Buttazzo Binary Tree Linked List Array
mean 28 165 13 246 (2.13×) 16 704 (1.69×) 11 043 (2.55×)
median 27 931 13 274 (2.10×) 16 698 (1.67×) 11 053 (2.53×)
maximum 79 967 39 213 (2.04×) 41 044 (1.95×) 31 566 (2.53×)

Table 2 Greatest mean, median, and maximum task admission times (cycles) observed for up to 50
tasks. Values in parentheses indicate speedup compared to the algorithm of Buttazzo et al.

3.2.5 Implications for Online Adaptation390

During online adjustment of task utilizations, e.g., in response to admission of a new task, the391

overhead associated with computing new task utilizations must be accounted to avoid deadline392

misses. Full treatment of the several alternative methods for handling such transient overheads is393

outside the scope of this work; here we consider the usual approach in which scheduling and other394

operating system kernel overheads are added to the execution times of each task in the system.395

Under elastic scheduling, if the worst-case execution time of the selected compression algorithm396

is added to each task’s execution time, then clearly more utilization compression is necessary to397

maintain schedulability in overload scenarios when a slower-running algorithm is used.398

To highlight the implications of this, we compare the amount of utilization compression399

necessary to admit the last task of our task sets when adding the maximum overheads observed400

in Figure 3c for the algorithm of Buttazzo et al. and the array-based implementation of our401

algorithm. We quantify this using the value λ defined as in Equation 8. We restrict attention to402

sets of size 3–50 since the algorithm of Buttazzo et al. is slightly faster in the worst case when403

applied to a set of only 2 tasks.404

Until now, we have considered only utilization compression in a general sense; thus, our405

randomly generated synthetic tasks from Section 3.2.2 are only characterized by acceptable406
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utilization ranges and elasticities. To consider the implications of algorithm overheads, we must407

also assign periods and execution times. To demonstrate the practical applicability of our approach408

in real-world scenarios, we draw period values from real-world automotive benchmarks. We assign409

minimum periods T min
i at random to each task from the distribution listed in [17, Table III].8410

Execution times are then derived as Ci = Umax
i · T min

i and maximum periods are computed as411

T max
i = Ci

Umin
i

. Algorithm overheads, though presented in cycles, were measured using a constant412

700 MHz CPU clock speed; we convert them to times accordingly.413
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Figure 4 Difference between λBut and λArr, normalized by λmax.

Figures 4 (Top) and (Middle) show the distribution of differences (λBut−λArr)
λmax between the value414

λBut necessary to account for the overhead of the algorithm of Buttazzo et al. and λArr of our415

array-based algorithm, normalized by the value λmax taken from the original task set without416

overheads. Figure 4 (Bottom) shows the mean, median, and maximum of the normalized values417

8 We ignore the “angle-synchronous” entry and renormalize probabilities over the remaining distribution.
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for each number n of tasks. Task sets not requiring compression (λ = 0) are excluded, as are those418

deemed infeasible under any amount of compression.419

As expected, greater online overhead incurs additional compression when it is accounted for.420

We observe that for n = 50 tasks, the algorithm of Buttazzo et al. must, on average, compress421

tasks by nearly 11% more of the allowable range than ours. In the worst case, it compresses422

tasks by nearly 40× more than the original λmax value. These results highlight that the speedups423

achieved by our algorithm have practical relevance as they reduce the amount of compression424

required during online admission of new tasks for workloads with parameters drawn from425

real-world applications.426

3.3 Extension to Fluid Scheduling427

A set of tasks is fluid schedulable on m identical processor cores if and only if (i) its total428

utilization does not exceed m, and (ii) no individual task’s utilization exceeds 1 [1]. Orr and429

Baruah therefore argued that, so long as each elastic task’s maximum utilization Umax
i ≤ 1, the430

algorithm of Buttazzo et al. algorithm can be extended to fluid scheduling simply by setting431

the desired utilization UD = m. The results and conclusions drawn in this section are therefore432

applicable to fluid scheduling as well: our procedure [26] in Algorithm 2 may be used in place of433

the original procedure [11] in Algorithm 1 to achieve faster compression (once initialized) and434

admission of new tasks.435

Sets of sequential tasks requiring multiple processors to execute — i.e., those which benefit436

from fluid scheduling — have total maximum utilizations Umax
sum > 1, and may also have total437

minimum utilizations Umin
sum > 1. Rather than evaluating new set of tasks, we consider whether438

our existing results extend to fluid scheduling by asking the question, “Do the values selected for439

Umax
sum or Umin

sum affect execution time?”440

For the 10 000 sets of 50 tasks generated in Section 3.2.2, we produce 3 scatter plots for the441

initialization (“Init”) and compression (“Compress”) times of each implementation: these plot442

cycles against the values Umin
sum , Umax

sum , and the absolute distance between them,
(
Umax

sum − Umin
sum

)
,443

as shown in Figure 5. We do not observe a significant dependence of execution time on these444

values. Therefore, the performance results illustrated in Figures 2 and 3 should also extend to445

fluid scheduling.446

4 Partitioned EDF447

In this section, we propose two alternative approaches to elastic scheduling of partitioned EDF448

tasks. First, we consider a binary, rather than linear, search over the space of compression allowed449

due to the minimum utilization constraint on each task. Second, using the insight that under450

partitioned EDF scheduling a set of tasks is guaranteed to be schedulable if its utilization does451

not exceed a function of the number of cores, we apply our procedure [26] in Algorithm 2 for452

compressing to this utilization bound.453

4.1 Binary Search454

We observe that a straightforward optimization may be applied to the approach of Orr and455

Baruah [22] summarized in Section 2.2. Rather than iterating over all values of λ ∈ [0, λmax] with456

granularity ϵ in sequential order, we can instead perform a binary search in time Θ
(
log λmax

ϵ

)
, as457

outlined in Algorithm 3. Thus, total time complexity is reduced to458

Θ
(

(n log n + n · m) · log
(

λmax

ϵ

))
(12)459
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(a) Buttazzo Init. (b) Buttazzo Init. (c) Buttazzo Init.

(d) Buttazzo Compress. (e) Buttazzo Compress. (f) Buttazzo Compress.

(g) Improved Init: Array. (h) Improved Init: Array. (i) Improved Init: Array.

(j) Improved Compress: Array. (k) Improved Compress: Array. (l) Improved Compress: Array.
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(m) Improved Init: Tree. (n) Improved Init: Tree. (o) Improved Init: Tree.

(p) Improved Compress: Tree. (q) Improved Compress: Tree. (r) Improved Compress: Tree.

(s) Improved Init: List. (t) Improved Init: List. (u) Improved Init: List.

(v) Improved Compress: List. (w) Improved Compress: List. (x) Improved Compress: List.

Figure 5 Execution times by utilization metrics for 50 tasks.
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Algorithm 3 Elastic_Partitioned_EDF(Γ, m)

Input: A list Γ of elastic tasks to schedule on m processor cores
Output: The value λ to obtain feasibility

1 λmax ← 0
2 forall τi ∈ Γ do
3 λmax

i ← Umax
i −Umin

i

Ei

4 λmax ← max (λmax, λmax
i )

5 end

6 if Γ(0) is schedulable on m cores then return 0
7 if Γ(λmax) is not schedulable on m cores then return Infeasible

8 λhi ← λmax

9 λlo ← 0

10 do
11 λ← (λhi − λlo) /2
12 if Γ(λ) is schedulable on m cores then λhi ← λ

13 else λlo ← λ

14 while λhi − λlo > ϵ

15 return λhi

Algorithm 3 uses the notation Γ(λ) from Baruah [3], denoting the task system obtained from460

Γ by applying compression λ, i.e., with each task τi having a utilization Ui(λ) according to461

Equation 8. The algorithm first checks if Γ(0) — the uncompressed task set — is schedulable462

by partitioned EDF on m cores; schedulability may be determined according to the heuristics463

employed by Orr and Baruah [22]. If so, it returns the value λ = 0. It then checks if Γ(λmax) is464

schedulable; if not, the algorithm fails. Otherwise, it performs binary search over values of λ in465

the range [0, λmax]: λhi (initialized to λmax) tracks the smallest value of λ tested for which Γ(λ)466

is schedulable, while λlo (initialized to 0) tracks the largest tested value for which Γ(λ) is not467

schedulable. At each step, the algorithm checks schedulability of Γ(λ); if feasibility is determined,468

λhi is decreased to the tested value of λ; otherwise, λlo is increased to the tested value of λ. The469

algorithm terminates when the difference between λhi and λlo does not exceed ϵ.470

4.1.1 Optimality of Search for λ471

We now discuss and prove results about the optimality of iterative and binary searches for472

partitioned EDF scheduling. We begin by introducing the term λ∗
Γ,m, defined as the smallest value473

of λ for which Γ(λ) is schedulable by partitioned EDF on m cores.474

The first result is intuitive: it says that, once you compress a task system such that it is475

schedulable, it will remain schedulable when compressed more.476

▶ Theorem 2. Given a value of λ, if Γ(λ) is partitioned EDF schedulable on m cores, then Γ(λ′)477

is also partitioned EDF schedulable for every value of λ′ ≥ λ.478

Proof. Consider a set Γ of n tasks τi. If Γ(λ) is partitioned EDF schedulable on m cores, then
there exists a partition {Γ1, . . . , Γm} of Γ such that the following condition holds:

∀j ∈ 1..m,
∑

τi∈Γj

Ui(λ) ≤ 1

LITES
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Consider a value λ′ ≥ λ. For each task τi,

Ui(λ′) = max
(
Umax

i − λ′Ei, Umin
i

)
≤ max

(
Umax

i − λEi, Umin
i

)
= Ui(λ)

Since Ui(λ′) < Ui(λ), it follows that:

∀j ∈ 1..m,
∑

τi∈Γj

Ui(λ′) ≤
∑

τi∈Γj

Ui(λ) ≤ 1

So there remains a partition of Γ(λ′) for which the condition holds. ◀479

It follows that Γ(λ) is partitioned EDF schedulable for every value of λ that exceeds λ∗
Γ,m.480

This allows us to say something about the optimality of the elastic algorithms for partitioned481

EDF scheduling.482

▶ Theorem 3. The values of λ obtained by using the iterative approach of Orr and Baruah [22]483

or the binary search in Algorithm 3 will be within ϵ of λ∗ if an exact test of partitioned EDF484

schedulability is performed for Γ(λ) at each considered value of λ. In other words, λ− λ∗ < ϵ.485

Proof.486

Iterative Approach: The algorithm tests λ = 0 first; if λ∗ = 0, then the algorithm returns487

this value. Otherwise, consider the value λ returned by the algorithm: Γ(λ) is feasible, but488

Γ(λ− ϵ) is not feasible. It follows from Theorem 2 that λ∗ > λ− ϵ, which implies λ− λ∗ < ϵ.489

Binary Search Approach: The algorithm again tests λ = 0 first; if λ∗ = 0, then the490

algorithm returns this value. Otherwise, consider the value λhi returned by the algorithm:491

Γ(λhi) is feasible, but Γ(λlo) is not; thus, by Theorem 2, λ∗ > λlo. Due to the algorithm’s492

termination condition, we know that λhi − λlo ≤ ϵ, and so λ− λ∗ < ϵ.493

◀494

▶ Corollary 4. The values λlin obtained by the iterative approach of Orr and Baruah [22] and495

λbin obtained by Algorithm 3 will be within ϵ of each other if an exact test of partitioned EDF496

schedulability is performed for Γ(λ) at each considered value of λ. In other words, |λlin − λbin| < ϵ.497

Proof. From Theorem 3, λlin − λ∗ < ϵ and λbin − λ∗ < ϵ, so |λlin − λbin| < ϵ. ◀498

This tells us that, given an exact schedulability test for partitioned EDF, both algorithms499

will find values for λ that are within ϵ of the optimal value λ∗ and are within ϵ of each other.500

However, no such guarantee can be made if schedulability is determined by heuristic, as illustrated501

in Figure 7. It follows that:502

▶ Theorem 5. The difference between the values λlin obtained by the iterative approach of Orr and503

Baruah [22] and λbin obtained by Algorithm 3 might exceed ϵ if heuristic tests of EDF schedulability504

are used.505

This has a surprising implication, which follows from the above results.506

▶ Corollary 6. Given a value of λ, if Γ(λ) is identified by heuristic to be partitioned EDF507

schedulable on m cores, then Γ(λ′) might not be identifiable as such for some value of λ′ > λ.508

The implication, then, is that while binary search is faster, it might overcompress a set of509

tasks by more than ϵ when applying heuristic partitioning (of course, the iterative search might510

overcompress instead). However, as we show in Section 4.3, binary search compresses, on average,511

only 0.262×ϵ more than iterative search for the sets of tasks we evaluated.512
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4.2 Application of Algorithm 2513

In [2], it is observed that under the first-fit and best-fit heuristics, a set Γ of tasks τi is schedulable514

on m processor cores if the total utilization
∑

i Ui does not exceed m+1
2 and if no single task’s515

utilization exceeds 1. Thus, the efficient procedure outlined in Algorithm 2 can be adopted by516

compressing to a desired utilization UD= m+1
2 , achieving compression in O(n log n) time.517

We note that m+1
2 is an upper-bound on the utilization required by the first-fit and best-fit518

heuristics. Thus, the amount of compression resulting from an application of this approach might519

be more than necessary to achieve partitioned EDF schedulability, even under the above-listed520

heuristics. It follows that the approach of Orr and Baruah [22], while slower, might achieve better521

results — both in terms of compressing utilizations less aggressively, and by identifying more522

schedulable task sets. We evaluate these tradeoffs in Section 4.3.523

4.3 Evaluation524

We now compare the approaches to elastic partitioned EDF scheduling proposed in this section to525

the original approach of Orr and Baruah [22].526

4.3.1 Implementation527

In this section, we compare the following three approaches:528

1. Iter: The iterative approach from [22]. For each value of λ tested, we attempt to find a529

schedulable partition by employing the best-fit decreasing then first-fit decreasing bin packing530

heuristics. The algorithm terminates if either is successful.531

2. Bin: Our proposed binary search approach in Algorithm 3, again using the best-fit then first-fit532

decreasing bin packing heuristics.533

3. Util: The utilization-based approach of Algorithm 2, with UD = m+1
2 . We use the array-based534

implementation, as this was observed to perform best in our evaluations in Section 3.2.535

We implement each approach in C++, compiling and measuring execution times with the536

same settings as described in Section 3.2.1, and running them on the same Raspberry Pi 3 Model537

B+. All tasks are also represented using the same data structure.538

4.3.2 Generating Task Sets539

We generate sets Γ of tasks τi according to Orr and Baruah’s methodology in [22]:540

We consider multiprocessor platforms with m = 4, 8, and 16 identical processor cores.541

For each number of cores m, we consider sets of n tasks, with n = 2m, 4m, and 8m.542

The maximum utilization Umax
i assigned to each task τi is selected at random, but we543

constrain these values to be no more than a parameter α. We separately consider values of544

α ∈ {0.6, 0.8, 1.0}.545

Each set of tasks has a total maximum utilization Umax
sum of u·m·α. We separately consider546

values of u ∈ {1.1, 1.5, 1.9}.547

For each combination of values m, n, α, and u, we generate 1000 sets of tasks.548

We use the DRS algorithm [16] to distribute the total maximum utilization Umax
sum across549

individual Umax
i values. DRS allows us to select these values uniformly from the space of550

selections satisfying the conditions that (i) the total
∑

i Umax
i equals the specified Umax

sum and551

(ii) each value Umax
i does not exceed the constraint imposed by the chosen value of α.552

LITES
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Individual minimum utilizations Umin
i are assigned at random, selected uniformly from the553

range (0, Umax
i ].554

Elastic coefficients Ei are assigned at random, selected uniformly from the range (1, 5].555

4.3.3 Linear versus Binary Search556

We begin by comparing the Iter and Bin approaches. For each set of tasks, we compute λmax
557

per Equation 9, then search for the optimal λ with granularity ϵ = λmax

1000 (the same value tested by558

Orr and Baruah in [22]).559

Figure 6 shows — for each combination of m, n, α, and u — the median and maximum speedup560

achieved by binary search over linear search. As before, task sets not requiring compression561

(λ = 0) are excluded, as are those deemed infeasible under any amount of compression. Binary562

search achieves significant speedups, especially for larger values of α and u. These task sets563

have larger total maximum utilizations, and therefore tend to need more compression to achieve564

schedulability. In such cases, the linear search takes longer to reach the higher λ value, so binary565

search is significantly faster. Median speedups for each combination were as high as 51×, while566

the maximum speedup observed was 86×.567

Figure 7 shows the distribution of differences (λbin−λlin)
ϵ between the value λbin achieved by568

binary search and λlin returned by linear search, normalized by ϵ. We again exclude trivial or569

infeasible task sets. Where outliers extend beyond the plotted boundaries, the y-axis labels denote570

the maximum value. We observe that, although the values λbin and λlin typically do not differ571

by more than ϵ, there are cases where they differ by much more. For 16 tasks on 4 cores, with572

α = 1.0 and u = 1.9, λbin exceeds λlin by more than 200×ϵ. Generally, we see that outliers occur573

where λbin is larger than λlin. This makes sense due to the behavior of binary search: search574

proceeds downward in factors of 2 from larger values, and if Γ(λ) is deemed unschedulable for575

some tested value of λ greater than the optimal λ∗, the binary search will continue to test larger576

values. Despite these outliers, the average compression values agree closely, differing by less577

than 0.262×ϵ for every considered combination. Therefore, given the significant speedups gained,578

binary search is an attractive approach.579

4.3.4 Fast Compression580

Although the binary search approach already improves execution time significantly while having581

minimal impact on the quality of our solution, we expect that our Util approach, which applies582

our quasilinear-time algorithm, will be even faster, though we also expect it to be more pessimistic.583

We evaluate this hypothesis by comparing the number of task sets each approach deems feasible,584

the resulting values of λ necessary to achieve schedulability, and the time to find those values585

of λ. As in [22], to ensure a consistent comparison, we only compare λ values (and, in our case,586

execution times — measuring execution times was outside the scope of the work in [22]) for those587

tasks deemed feasible. Also as in [22], we separately consider each value of m, α, n, and u.588

Results are shown in Figure 8, which alternates between two types of plots. The first type589

shows the percentage of task sets identified as feasible by Bin and Util. The second type compares590

the median and maximum speedup gained by Util over Bin to the mean λ values achieved by591

each approach. As in [22], λ values are normalized by λmax to give a value in the interval [0,1];592

this is necessary for comparing λ values across task sets.593

We observe that Util identifies fewer schedulable task sets, and for those it does identify594

as schedulable, it typically requires more compression. This is especially true for larger values595

of α and u for which the total maximum utilization Umax
sum is larger. Nonetheless, at the cost596

of more pessimism, Util achieves speedups observed to reach over 20×; this may be desirable597
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Figure 6 Speedups achieved by Bin over Iter.
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Figure 7 Difference between λbin and λlin, normalized by ϵ.
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Figure 8 Speed and Schedulability Tradeoffs Between Bin and Util.
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where online decisions must be made rapidly. For example, in mixed-criticality systems [30, 10],598

elastic frameworks have been proposed to extend the periods of low-criticality tasks, rather than599

suspending them, in response to critical task overruns [24, 29]. The transition must be made as600

quickly as possible, and so overcompression is acceptable (and is no worse than the alternative of601

dropping all low-criticality jobs).602

5 Global EDF and RM603

In this section, we present and evaluate an exact polynomial-time algorithm for elastic utilization604

compression under global earliest deadline first (EDF) and global rate monotonic (RM) scheduling.605

5.1 The Global EDF Algorithm606

Recall the condition for global EDF schedulability on m cores [15, Theorem 5] from Equation 10
in Section 2.2.2, which we restate here:∑

τi∈Γ
Ui ≤ m− (m− 1) ·max

τi∈Γ
{Ui}

Without loss of generality, let’s say that τj is the task with the maximum utilization, i.e.,607

Uj = maxτi∈Γ{Ui}. Then we can restate the schedulability condition as608 ∑
τi,i̸=j

Ui + mUj ≤ m (13)609

▶ Theorem 7. For a set Γ of elastic tasks, the amount of compression λ needed to satisfy the610

schedulability condition in Equation 13 can be found by finding λ for the condition
∑

τi∈Γ∗ Ui ≤ m611

for a set of tasks Γ∗ where the task τj = (Umin
j , Umax

j , Ej) in Γ has been replaced by a task612

τ∗
j = (mUmin

j , mUmax
j , mEj) in Γ∗.613

Proof. Consider the value λ satisfying
∑

τi∈Γ∗ Ui = m, i.e.,∑
τi∈Γ∗

max
{

Umax
i − λEi, Umin

i

}
= m

Assume that τ∗
j ∈ Γ∗ is parameterized as τ∗

j = (mUmin
j , mUmax

j , mEj). Then:∑
τi∈Γ∗,i̸=j

max
{

Umax
i − λEi, Umin

i

}
+ max

{
mUmax

j − λmEj , mUmin
j

}
= m

Equivalently, ∑
τi∈Γ∗,i̸=j

max
{

Umax
i − λEi, Umin

i

}
+ m×max

{
Umax

j − λEj , Umin
j

}
= m

So
∑

τi∈Γ,i̸=j Ui(λ) + mUj(λ) = m and Γ is global EDF schedulable. ◀614

Intuitively, this says we can replace τj with a task τ∗
j with utilization and elasticity values615

scaled by m; schedulability is then based on a utilization bound of m and the system can be616

compressed using our algorithm [26, Algorithm 1]. However, as the task with the maximum617

utilization can change during compression, the utilization bound (the RHS of Equation 10) might618

no longer hold. Therefore, we must assume every task may take the role of τj after compression,619

so we repeat this procedure for each task. We then take the result for which (i) the task with the620

maximum utilization after compression matches the one taking the role of τj ; and (ii) if there621

are multiple such consistent results, we take the one that applies the least compression. This622

procedure is outlined in Algorithm 4.623
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Algorithm 4 Elastic_Global_EDF(Γ, m)

Input: A list Γ of elastic tasks to schedule on m processor cores
Output: The value λ to obtain feasibility

1 if Γ(0) is schedulable on m cores then return 0
2 if Γ(λmax) is not schedulable on m cores then return Infeasible
3 Sort Γ in non-decreasing order of ϕi (see Equation 7)

4 λ← λmax

5 forall τi ∈ Γ do
6 τ∗

j ← (Umax
j : mUmax

i , Umin
j : mUmin

i , Ej : mEi)
7 Γ∗ ← Γ, Remove τi and insert τ∗

j into Γ∗

8 ▷ Invoke Algorithm 2
9 λ∗ ← Elastic_Compression(Γ∗,m)

10 if U∗
j

m is the maximum compressed utilization and λ∗ < λ then λ← λ∗

11 end
12 return λ

5.1.1 Description624

The algorithm takes a set Γ of elastic tasks and checks whether compression is necessary, and
whether feasibility can be achieved. It then sorts the tasks in non-decreasing order of their ϕi

values (see Equation 7). For each task τi in Γ, a representative task τ∗
j is constructed with

Umin
j = mUmin

i , Umax
j = mUmax

i , and Ej = mEi per Theorem 7. Then, τi is replaced in Γ with
τ∗

j to form the temporary set Γ∗; from Equation 7 we can see that

ϕj =
(

mUmax
i −mUmin

i

mEi

)
=

(
Umax

i − Umin
i

Ei

)
= ϕi

so tasks τ∗
i ∈ Γ∗ remain sorted by their ϕi values.625

Our linear-time procedure listed in Algorithm 2 is then invoked, and the compression value λ∗

is retrieved. We note that although our compression algorithm, as written in [26, Algorithm 1],
does not return a value of λ, it can be easily modified to do so. From Equations 3 and 8 we have

λ =
(

Usum − (UD −∆)
Esum

)
Then from Line 16 of its listing in Algorithm 2, we see that this value is computed and tracked626

by our algorithm, and so it can be retrieved in constant time for use in Line 9 of Algorithm 4. If,627

by checking Ui = U∗
j /m, it is determined that τi would have the maximum compressed utilization,628

then the task set is schedulable under global EDF. Since multiple feasible configurations might be629

found, a variable λ is used to track the best value (i.e., the minimum compression needed); this is630

initialized to λmax as the algorithm has already deemed feasibility.631

5.1.2 Execution Time Complexity632

For a set Γ of n tasks, sorting in order of ϕi values takes time O(n log n). Inside the forall loop633

in Algorithm 4, constructing τ∗
j from τi takes constant time. Our compression algorithm runs in634

quasilinear time, but this time is dominated by sorting the tasks [26]. Since Γ has already been635

sorted, compression takes time linear in the number of tasks. Checking whether U∗
j /m is the636

maximum compressed utilization also takes linear time. Since each iteration of the loop takes637

time O(n) and it runs once for each of the n tasks, the total execution time complexity is O(n2).638
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5.2 Extension to Global RM639

We now apply this same approach to tasks scheduled in global rate monotonic (RM) fashion.
Recall the condition for global RM schedulability on m cores [7, Theorem 5] from Equation 11 in
Section 2.2.3, which we restate here:

∑
τi∈Γ

Ui ≤
m

2

(
1−max

τi∈Γ
{Ui}

)
+ max

τi∈Γ
{Ui}

As with global EDF, without loss of generality we can say that τj is the task with the maximum640

utilization, i.e., Uj = maxτi∈Γ{Ui}. Then we can restate the schedulability condition as:641 ∑
τi,i̸=j

Ui + m

2 Uj ≤
m

2 (14)642

▶ Theorem 8. For a set Γ of elastic tasks, the amount of compression λ needed to satisfy the643

schedulability condition in Equation 14 can be found by finding λ for the condition
∑

τi∈Γ∗ Ui ≤ m
2644

for a set of tasks Γ∗ where the task τj = (Umin
j , Umax

j , Ej) in Γ has been replaced by a task645

τ∗
j = ( m

2 Umin
j , m

2 Umax
j , m

2 Ej) in Γ∗.646

Proof. Our reasoning is the same as that of Theorem 7, but with terms m replaced by terms m
2 .647

Consider the value λ satisfying
∑

τi∈Γ∗ Ui = m
2 , i.e.,∑

τi∈Γ∗

max
{

Umax
i − λEi, Umin

i

}
= m

2

Assume that τ∗
j ∈ Γ∗ is parameterized as τ∗

j = ( m
2 Umin

j , m
2 Umax

j , m
2 Ej). Then:

∑
τi∈Γ∗,i̸=j

max
{

Umax
i − λEi, Umin

i

}
+ max

{m

2 Umax
j − λ

m

2 Ej ,
m

2 Umin
j

}
= m

2

Equivalently, ∑
τi∈Γ∗,i̸=j

max
{

Umax
i − λEi, Umin

i

}
+ m

2 ×max
{

Umax
j − λEj , Umin

j

}
= m

2

So
∑

τi∈Γ,i̸=j Ui(λ) + m
2 Uj(λ) = m

2 and Γ is global RM schedulable. ◀648

Algorithm 4 can therefore be adapted to global RM scheduling by simply changing the649

transformation of τi into τ∗
j and compressing to a utilization bound of m

2 . For completeness, we650

outline this procedure as Algorithm 5.651

5.3 Evaluation652

To quantify the improvements offered by our proposed algorithms for global EDF and RM, we653

compare their execution time to the original algorithms of Orr and Baruah in [22, 21].654

We use the same approach to compile and measure execution times as described in Section 4.3,655

and run on a Raspberry Pi 3 Model B+ as before. We also use the same task sets generated in656

Section 4.3 to match Orr and Baruah’s methodology in [22]. We use the array-based implementatio657

of Algorithm 2, as this performed best in the experiments of Section 3.2.658
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Algorithm 5 Elastic_Global_RM(Γ, m)

Input: A list Γ of elastic tasks to schedule on m processor cores
Output: The value λ to obtain feasibility

1 if Γ(0) is schedulable on m cores then return 0
2 if Γ(λmax) is not schedulable on m cores then return Infeasible
3 Sort Γ in non-decreasing order of ϕi (see Equation 7)

4 λ← λmax

5 forall τi ∈ Γ do
6 τ∗

j ← (Umax
j : m

2 Umax
i , Umin

j : m
2 Umin

i , Ej : m
2 Ei)

7 Γ∗ ← Γ, Remove τi and insert τ∗
j into Γ∗

8 ▷ Invoke Algorithm 2
9 λ∗ ← Elastic_Compression(Γ∗, m

2 )
10 if 2U∗

j

m is the maximum compressed utilization and λ∗ < λ then λ← λ∗

11 end
12 return λ

5.3.1 Global EDF659

We begin by comparing the execution time of Algorithm 4 to Orr and Baruah’s elastic compression660

algorithm for global EDF [22, Algorithm 2], which we summarize in Section 2.2.2. As before we661

search for λ with granularity ϵ = λmax

1000 .662

Figure 9 shows — for each combination of m, n, α, and u — the distribution of speedups663

achieved by our exact algorithm over iterative search, with horizontal markers indicating median664

and maximum values. Figure 10 shows the distributions of each algorithm’s execution times.665

Task sets not requiring compression (λ = 0) are excluded, as are those deemed infeasible under666

any amount of compression. We see that our proposed algorithm achieves significant speedups,667

especially for larger values of α and u. These task sets have larger total maximum utilizations, and668

therefore tend to need more compression to achieve schedulability. In such cases, the linear search669

takes longer to reach the higher λ value, so our exact algorithm is consistently faster. Median670

speedups for each combination were as high as 37×, while the maximum speedup observed was671

60×.672

5.3.2 Global RM673

We next compare the execution time of Algorithm 5 to Orr and Baruah’s elastic compression674

algorithm for global EDF from [21], which we summarize in Section 2.2.3. As before we search for675

λ with granularity ϵ = λmax

1000 .676

Figure 11 shows the distributions of speedups achieved by our exact algorithm over iterative677

search and Figure 12 shows the distributions of their execution times. As in Figures 9 and 10,678

task sets not requiring compression (λ = 0) are excluded, as are those deemed infeasible under679

any amount of compression. We again see significant speedups, with similar patterns to the above680

results for global EDF scheduling. Median speedups were as high as 43×, while the maximum681

speedup observed was 51.8×.682
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Figure 9 Speedups achieved by Algorithm 4 over iterative search.
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Figure 10 Execution times for global EDF compression algorithms.
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Figure 11 Speedups achieved by Algorithm 5 over iterative search.
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Figure 12 Execution times for global rm compression algorithms.
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6 Conclusions and Future Work683

This paper has presented and evaluated new approaches to elastic scheduling of implicit-deadline684

tasks. We began by considering the original model of Buttazzo et al. [12, 13] for utilization-bound685

scheduling on a uniprocessor. We compared the execution times of the original quadratic-time686

algorithm of Buttazzo et al. from [11, Figure 9.29] to the quasilinear time algorithm that we687

proposed in [26]. In practice, we demonstrated that the original algorithm is significantly slower to688

compress tasks compared to our proposed approach. However, initializing a sorted data structure689

dominates the execution time of our algorithm. As a result, for smaller numbers of tasks (up to 50),690

there is no clear advantage to using our algorithm over that of Buttazzo et al. (or vice versa) to691

compress complete task sets for schedulability. However, we observed that our algorithm achieves692

significant speedup during admission of new tasks. Because admission control involves online693

scheduling decisions, it is especially important that its overhead remains bounded. Therefore, in694

situations where initialization has already occurred — e.g., during admission of a new task or695

in response to changes in available utilization — our algorithm is significantly faster than the696

original approach. As these are more likely to be the scenarios encountered during dynamic online697

scenarios where the adaptation must have predictably low overheads, our proposed approach has698

clear advantages.699

We then considered elastic scheduling for partitioned EDF. We observed that the approach of700

Orr and Baruah in [22, 21], which searches iteratively for the optimal “amount” of compression701

λ with some precision ϵ, may be improved by employing binary, rather than linear, search. We702

also demonstrated an application of our quasilinear time algorithm. While it runs even faster, it703

is often pessimistic, at times overcompressing or deeming a schedulable task set to be infeasible.704

Nonetheless, we can imagine scenarios where this may be desirable. For example, in mixed-705

criticality systems [30, 10], if a job of a safety-critical task overruns its expected execution time,706

jobs of less critical tasks are traditionally dropped. Elastic frameworks have been proposed instead707

where the periods of low-criticality tasks are extended to maintain the service-level guarantees708

required by critical jobs [24, 29]. In such a situation, the decision must be made as quickly as709

possible. If our faster approach overcompresses, this is no worse than the inelastic case where all710

low-criticality jobs are dropped anyway.711

Finally, we proposed exact compression algorithms for global EDF and RM scheduling, where712

Orr and Baruah also proposed iterative search for λ. We evaluated both algorithms and found713

them to be considerably faster, while providing a more precise result. This makes them more714

suitable for use in online systems where utilizations may have to be adjusted during runtime.715

Elastic scheduling remains a promising approach for dynamic adaptation in overloaded real-716

time systems. As future work, we will continue to extend the framework to different classes of task717

systems and their corresponding scheduling policies, including algorithm PriD [15], for which Orr718

and Baruah again propose an approximate search technique [22]; global [6, 5] and partitioned [4]719

scheduling of constrained-deadline tasks; semi-federated, reservation-based federated, and bundled720

scheduling of parallel tasks; and mixed-criticality systems.721
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